We investigate the tight monogamy and polygamy relations of multiparty entanglement for arbitrary quantum states. By using the power of the bipartite measure of entanglement, we establish a class of tight monogamy relations of multiparty entanglement with larger lower bounds than the existing monogamy relations. We also give a class of tight polygamy relations of multiparty entanglement with smaller upper bounds than the existing polygamy relations, by using the power of the entanglement of assistance. It is shown that these new monogamy and polygamy relations are tighter than the former results.
where ρ A|Bi = tr B1···Bi−1Bi+1···B N −1 (ρ A|B1···B N −1 ), α c is the infimum exponent for E αc to be monogamous. In order to investigate the monogamy relations of multiparty quantum entanglement, we need the following lemmas. Lemma 1. For x ≥ m ≥ 1 and µ ≥ 1, then
Proof. Let f (µ, x) = (1 + x) µ − x µ . Then, µ ≥ x µ + (m + 1) µ − m µ . Lemma 2. For a 1 ≥ a 2 ≥ · · · ≥ a n ≥ 0 and µ ≥ 1, then (a 1 + a 2 + · · · + a n ) µ ≥ a
Proof. For the case that n = 1, the inequality (3) is trivial. Now we assume n = m the inequality (3) holds with m > 1 and consider the case that n = m + 1. If a m+1 = 0, the inequality is trivial. Otherwise, let τ = 
where the inequality is due to the inequality (2) . The induction hypothesis yields
Combining inequalities (4) and (5), we have
It implies that the inequality (3) holds for the case that n = m + 1, which completes the proof of Lemma 2.
for η ≥ α c and t = η αc . Proof. Without loss of generality, the condition E(ρ A|Bi ) ≥ E(ρ A|Bi+1 ) can be always satisfied by relabeling the subsystems. From the inequality (1), one has
If E(ρ A|Bi ) ≥ E(ρ A|Bi+1 ) for i = 1, 2, · · · , N − 2, according to Lemma 2, one gets
Remark 1. It is easy to verify that Theorem 1 is generally tighter than the monogamy relations in terms of the Hamming weight [27] .
For later use we prove the following lemma. Lemma 3. For 0 ≤ x ≤ 1 k , k ≥ 1, and µ ≥ 1, then
Proof. If x = 0, the inequality is trivial. Otherwise, let f (µ,
. When 0 ≤ x ≤ 1 k , k ≥ 1 and µ ≥ 1, it is easy to check that 1 +
Since kx ≥ (kx) µ , for kx ∈ [0, 1] and µ ≥ 1, one gets 1 +
αc is a monogamous entanglement measure of the quantum states.
(
for η ≥ α c , γ ≥ 1, where t = η αc , k = γ αc . Proof. From the inequality (1), we can deduce
If E(ρ A|B1 ) ≥ γE(ρ A|B2 ), according to Lemma 3, we get
When γE(ρ A|B1 ) ≤ E(ρ A|B2 ), the similar proof gives the inequality (12) .
When E(ρ A|B1 ) ≤ E(ρ A|B2 ), we can get the following inequality
, and a monogamous entanglement
for
Proof. From Theorem 2, we can derive
By iterative use of inequality (11), we have the second inequality. As a matter of fact, the conditions 1 +
With a similar procedure as γ E(ρ A|Bj ) ≤
By using inequalities (18) and (19), we can obtain Theorem 3. In fact, we also use the condition 1 +
III. TIGHTER POLYGAMY RELATIONS OF MULTIPARTY QUANTUM ENTANGLEMENT
We use ρ A|B1···B N −1 denote the state of a multipartite system with a finite dimensional Hilbert space H A ⊗ H B1 ⊗ · · · ⊗ H B N −1 . Assume E a is an entanglement of assistance of the quantum states which is defined in Refs. [14, 29] . E a is said to be polygamy if the following inequality holds
where
it is straightforward to verify that (1 +
Proof. We have already noted that the inequality (23) is true for the case that n = 1. Now assume that n = m the inequality (23) holds with m > 1. Thus we have
Now consider the case that n = m + 1. If a m+1 = 0, the inequality is true. Otherwise, let τ = a1+a2+···+am am+1
, since
where the inequality holds due to the inequality (22) . Combining inequalities (24) and (25) yields
In other words, the case that n = m + 1 the inequality (23) is true, and the proof is completed. 
for 0 ≤ η ≤ β c and t = η βc . Proof. Without loss of generality, we may assume that, by relabeling the subsystems if necessary, the condition E a (ρ A|Bi ) ≥ E a (ρ A|Bi+1 ) holds. From the inequality (21), we can write
If
Remark 2. It is easy to see that Theorem 4 is generally tighter than the polygamy relations in terms of the Hamming weight [22] [23] [24] [25] 27] .
Next, we present a mathematical result. Lemma 6. For 0 ≤ x ≤ 1 k , k ≥ 1, and 0 ≤ µ ≤ 1, the following inequality holds
Proof. If x = 0, the inequality becomes trivial. Otherwise, let f (µ,
. When 0 ≤ x ≤ 1 k , k ≥ 1 and 1 ≥ µ ≥ 0, it is easy to prove that 1 +
Due to kx ≤ (kx) µ , for kx ∈ [0, 1] and 1 ≥ µ ≥ 0, we find 1 +
For 0 ≤ µ ≤ 1 and k ≥ 1, we have ∂g ∂k ≤ 0, and it follows that g(µ, k) is a decreasing function of k, i.e. g(µ, k) ≤ g(µ, 1) = 0. Hence, one has (k +1)
Collecting all these results we get (1 + x)
For arbitrary tripartite quantum state ρ A|B1B2 ∈ H A ⊗ H B1 ⊗ H B2 , suppose E βc a is a polygamy entanglement of assistance of the quantum states.
If E a (ρ A|B1 ) ≥ γE a (ρ A|B2 ), using Lemma 6 we find
When γE a (ρ A|B1 ) ≤ E a (ρ A|B2 ), the inequality (32) has a similar proof. We need to note, if
Theorem 6. For an N -party state
, and a polygamy entanglement
Proof. From Theorem 5, we can deduce that
Iterative use of inequality (31), we can get the second inequality. Here we are using the fact that 1 +
Following a similar procedure as γ E a (ρ A|Bj ) ≤
Theorem 6 can be obtained by combining inequalities (38) with (39). We also use the fact that 1 +
To see the tightness of our inequalities, we give some examples below. We using the concurrence as a bipartite measure of entanglement, the concurrence of assistance as a bipartite entanglement of assistance.
Example 1 : For the four-qubit W state [27] the result in [25, 26] with k = 2. The ( yellow ) line f represents the upper bound from the result in [27] . The ( black ) line e represents the upper bound from the result in [22] [23] [24] .
IV. CONCLUSION
Multipartite entanglement can be regarded as a fundamental problem in the theory of quantum entanglement. It has attracted increasing interest over the last 20 years. Our results may contribute to a fuller understanding of the multiparty quantum entanglement. By using the power of the bipartite measure of entanglement and the entanglement of assistance, we have proposed a new class of tight monogamy and polygamy relations of multiparty entanglement for arbitrary quantum states. We show that these new monogamy relations of multiparty entanglement with larger lower bounds than the existing monogamy relations [20, 21, 26, 27] , for η ≥ α c . For 0 ≤ η ≤ β c , these new polygamy relations of multiparty entanglement with smaller upper bounds than the existing polygamy relations [22] [23] [24] [25] [26] [27] .
